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Abstract. For a > 0, the Bargmann projection P a is the orthogonal projection from L 2 (-y a ) onto 
the holomorphic subspace L hol {-y a ), where 7^ is the standard Gaussian probability measure on C n 
with variance (2a)~ n . The space L\ ol {-y a ) is classically known as the Segal-Bargmann space. We 
show that P a extends to a bounded operator on L p (-y ap / 2 ), and calculate the exact norm of this 
scaled IP Bargmann projection. We use this to show that the dual space of the L p -Segal-Bargmann 
space L v hol (7^/2) is an L p Segal-Bargmann space, but with the Gaussian measure scaled differently: 

hoi (^ap/ 2))* — L p ho i(l a P ' / 2) (this was shown originally by Janson, Peetre, and Rochberg). We show 
that the Bargmann projection controls this dual isomorphism, and gives a dimension-independent 
estimate on one of the two constants of equivalence of the norms. 
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The Fock space is a central object in quantum mechanics, operator algebras, and probability- 
theory. Based over the Hilbert space C™, it can be identified as a Hilbert space of holomorphic 
functions. Let a > and let j a = 7^ denote the Gaussian measure 

^ la (dz) = (^) n e- a ^\(dz), (1.1) 

where A is the Lebesgue measure on C™. Then the Fock space is & a = & a (C n ) = Lf wl (C\ j a ), the 
(entire) holomorphic functions in L 2 (C n , j a ). It is a reproducing kernel Hilbert space, with kernel 

X a {z,w) = e a < z > w l (1.2) 

(Note: (z, w) denotes the complex inner-product Ya=i z iWl-) As usual, the existence of the repro- 
O ducing kernel guarantees that <^ a is, in fact, a closed subspace of L 2 {^ a ). 

In this paper, we study the orthogonal projection P a : L 2 (C n ,7 Q ) — > L| oi (C",7 a ) = & a . As in 
any reproducing kernel Hilbert subspace, this orthogonal projection has the reproducing kernel 
itself as its integral kernel, 

P a f(z)= [ e a ^f(w) la (dw). (1.3) 

The projection P a is the (C™, 7^) equivalent of the classical Bergman projection (in Bergman spaces 
on the unit disk in C); in more general contexts it is sometimes called the Riesz projection. Since its 
range is the classical Segal-Bargmann space, we refer to P a as the Bargmann projection. (Note, it is 
not the same object as the Segal-Bargmann transform cf. [1, 8], though there are obvious connec- 
tions.) P a naturally controls the geometry of the imbedding of & a into L 2 (^ a ); the interpolation 
scale of these holomorphic spaces can be understood well in its context. The unusual duality 
properties of the holomorphic L p -spaces of j a (as discussed in Section 1.2 below) have the result 
that P a is not bounded on LP{^ a ) for p ^ 2; rather, the measure must be scaled. The main result of 
this paper is the following theorem. 

Theorem 1.1. Let n be a positive integer, let 1 < p < 00, and let a > 0. Let p' denote the conjugate 
exponent to p, ^ + ^ = 1. The Bargmann projection P a is bounded on L p (C n ,^ ap / 2 ), with norm 

\\P a : LV(C\ lap/2 ) -+ Ll ol (C\ lap/2 )\\ = (2^^)". (1.4) 
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When p = 2, the norm in Equation (1.4) is equal to 1 in all dimensions, as expected for an 
orthogonal projection; for all other p, it grows exponentially with dimension. In particular, the 
L 1 (7 Q ,/ 2 )- norm °f Pa is 2 n . Note that the main theorem of [3] is the upper bound 2™ for the norm 
in Equation (1.4) (a result which is actually contained in [5] in a wider context); as we show in 
Section 1.3, this upper bound follows simply from a reinterpretation of J? a as a subspace of LP 
functions over Lesbesgue measure. 

As we discuss in Section 1.5, the norm of P a controls the norm of the dual space {L p hol {^ ap /2))* ■ 

Theorem 1.2. Let 1 < p < oo and a > 0. Let p' be the conjugate exponent to p. In the pairing 
(/> 9) a = Jen fgdia, the spaces L p hol (-/ ap/2 ) and ^(7^72) are dual. The norms satisfy 

'^(w - ll( • ' 'Weuw* 5 ( 2 ^^)" ""'W.^r (1 ' 5) 

Remark 1.3. In fact, it is the first inequality in 1.5 that is the interesting new result; the second 
inequality is actually just Holder's inequality when reinterpreted in terms of L p spaces over Les- 
besgue measure, as explained in Section 1.5 below. 

Remark 1.4. The authors find it particularly worthy of note that the first inequality in 1.5 is inde- 
pendent of dimension. 

In Section 1.3, we show how the problem may be simplified by viewing elements of the Fock 
space as elements of a subspace of L 2 over Lesbesgue measure; this transformation offers a new 
explanation for why P a acts naturally on LP(^ ap / 2 ) rather than L p (j a ) (and hence why the holo- 
morphic L p -spaces of 7« do not satisfy the usual duality relations). Since P a , given by Equation 
(1.3), has a Gaussian kernel, our approach is to use the results of [6] to calculate the norm which 
occurs on the subspace of Gaussian functions. Since the kernel of P a is complex, the Gaussian 
maximizer may also be complex, which greatly complicates the computations. 

The remainder of this paper is organized as follows. Section 1.2 explores the unusual duality 
relations among the holomorphic L p spaces of Gaussian measures. In Section 1.3, we reinterpret 
as a subspace of L p over Lesbesgue measure, which sheds light on the rescaling re- 
quired for the usual L p -duality. This allows us to reinterpret the projection P Q as a new operator 
Qa in the setting of Lebesgue measure, where it is easier to analyze. In Section 1.4, we show 
that the norm of P a on LP grows exponentially with dimension, and in Section 1.5, we use the 
Lesbesgue perspective to prove Theorem 1.2. Section 2 is devoted to the proof of Theorem 1.1. 
In Section 2.1, we reduce the calculation to the n = 1 dimensional case with a version of Segal's 
lemma for tensor products of integral operators. A deep result of Lieb, cf. [6], is then used in 
Section 2.2 to further reduce to the case of putative Gaussian maximizers for the norm of P a . Sec- 
tions 2.3 and 2.4 then setup the appropriate calculus problem to determine the norm. The proof 
is completed with the lengthy calculations of Sections 2.5 and 2.6, determining critical points and 
identifying the global maximum to calculate the sharp norm of P a , concluding the paper. 



1.1. Gaussian Integrals. Many of the calculations throughout this paper rely on the following 
formula for integrating Gaussian functions. Let A be a k x k complex symmetric matrix, whose 
real part 9L4 is positive definite. Let v G C fc , and let (•, •) denote the real inner-product extended 
(bilinearly not sesquilinearly) to C k . Then the (uncentered) Gaussian function x \-> e -( x < Ax )+ 2 ( v > x ) 
is in L 1 (R k ), and 

/ p -^Ax)+2{v,x) dT = * P («,A-M (1 . 6 ) 

JiRfe y/det(A) 

Equation (1.6) can be found as [7, Ex. 5, Ch. 5]. It is easy to verify for real A (by diagonalizing and 
completing the square); the general formula then follows by an analytic continuation argument. 
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1.2. Duality in L p hol (^ a ). In the holomorphic space J? a (C n ) = L 2 hol (C n ,^ a ), Taylor series expan- 
sions are, in fact, orthogonal sums (since the measure 7 Q is rotationally-invariant). Indeed, it is 
easy to compute that the monomials z? = z^ 1 ■ ■ ■ z 3 n are orthogonal with 

(z\z k ) a = 8 ik ^r, (1.7) 

where j! = j\\ ■ ■ ■ j n \ and |j| = ji + • • • + j n - Letting 4>- } {z) = (c$M 2 /y/$)&, Taylor's theorem 
therefore asserts that {4>- } : j € N n } is an orthonormal basis for L\ ol (£, n , j a ). This justifies the 
claim that the reproducing kernel is given as in Equation (1.2), since 

X a (z,w) EE £ 0j(z)^H = ^ = e «<^>. 

The standard estimate \ f(z)\ < X a (z, z)\\f\\2 shows that L 2 (7 Q )-convergence implies pointwise 
convergence in L\ ol (^ a ); from this it is easy to see that L\ ol (^ a ) is a Hilbert space. 

For p / 2, the spaces L p hol (^ a ) behave somewhat differently than one would naively expect. Let 

1 < p < oo, and let p' be its conjugate exponent. If h G L p ho i{la) then ft. G LP' (j a ) and so can be 
viewed, via the usual pairing, as an element ( • , h) a of the dual space to L p (j a ): 



L p ( la )3 f^(f,h) a = J fhd la . 



Naturally this imbedding does not give all of (L p {"f a ))* since L p hol {^ a ) is a small subspace of 
Lp'ila)- The same imbedding shows that ( • , h) a is an element of the dual space to L p hol (^ a ); it 

is somewhat surprising that, in this context as well, the set of all ( • , h) a with ft G L p hol (^ a ) is not 
the full dual space (unless p = 2). This was discovered by Sjogren, cf. [9]; for completeness, we 
reproduce the following simpler argument, which is due to Carlen and Gross. 

Proposition 1.5. If 1 < p < oo and p ^ 2, then the imbedding L p hol (^ a ) — > (L p lol ('j a ))* is not surjective. 

Proof. First note that the map ft i->- ( ■ , h) a is injective. For if (/, h) a = for all / G L p hol (■j a )r we may 
take / to be a monomial f(z) = zi (which is in L p hol (j a ) for allp > 1); the orthogonality relations 
of Equation (1.7) then yield (/, h) a = jl/a^l • Tj(ft) where T-(ft) is the jth Taylor-coefficient of the 
holomorphic function ft. Hence, the Taylor series of ft is 0, and so ft, = 0. 

From Holder's inequality, the map ft >->■ ( ■ , h) a is, as usual, bounded. Hence, by the Open 
Mapping Theorem, if it is also surjective it follows that it has a bounded inverse. We will show 
this is not true by demonstrating there is no constant C > such that 

\\h\\ p/ <C\\{-,h) a \\ {Lloi{la)r , for all ft GL^). (1.8) 

Indeed, consider the function h(z) = K w (z) = % a (z, w) = e a ( z ' w \ which is of course in L p hol {j a ). 
A simple computation using Equation (1.6) shows that 

L u> Hp' 



\\K w \\ pl = e P'«IH 2 /4_ (19 ) 

Now, K w is the reproducing kernel; that is, (f,K w ) a = f(w) = A w (f) for all / G L 2 hol (^f a ), and 
so therefore also for / G L^ila) (true for p > 2 since j a is a finite measure so L p (j a ) C L 2 {^ a ); 
true for p < 2 since L p hol {^ a ) is dense in L 2 hol {^ a ) and ( • , K w ) a is continuous on L p (-j a )). Hence, 
the norm on the right-hand side of Equation (1.8) is just the (L^ oi (7 Q ))*-norm of the evaluation 
functional A^. This is computed elegantly by Carlen in [2, Thm. 3]; the result is 

n A -ii(^(7 Q ))- = eaH2/p - a- 10 ) 

Therefore, Equation (1.8) implies that 

eP 'aM 2 /4 < c e «M 2 /p for all w G C. 
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Rearranging and simplifying, we find 

C > e aMV/4-l/p) = e a| W | 2 (p-2) 2 /4p(p-l) > ( L11 ) 

Since (p - 2) 2 /4p(p - 1) > as long as p / 2, the right-hand side of Equation (1.11) tends to oo as 
| w\ — > oo. Hence, there can be no such constant C. □ 

This surprising lack of duality has material consequences for the Bargmann projection P a . 

Corollary 1.6. The Bargmann projection P a is not bounded on L p (j a )for any p ^ 2. 

Remark 1.7. P a acts, by definition, on L 2 {^ a ), and so for p > 2 the action of P a on L p (^ a ) is 
well-defined. For p < 2, the corollary should be interpreted to say that P a is not bounded on 
£ 2 (7a) n L p (7 a ), and hence has no extension to L p (~f a ). 

Remark 1.8. The idea of this proof is due to Brian Hall. 

Proof. Suppose, to the contrary, that, for some p / 2, P a is bounded from L p (^ a ) to L p hol {^ a ). (If 
p < 2, the supposition is that f a | i 2 niP extends continuously to LP) It then follows (by the self- 

adjointness of P a on 1? and Holder's inequality) that P a is also bounded from L p ' (j a ) to L p hol {^ a ). 
Let $ be any linear functional in {L p hol (^j a ))* . We may then define a linear functional <l G 

(LP( 7a ))*by 

$(/) = *(P a /). (1.12) 
(Note, from Equation (1.3), P a is related to the Fourier transform, and so it makes sense to so-name 
the new functional l>.) Since P a is a projection, P 2 = P a , and so $(P a f) = ®(P%f) = ${Paf) = 
<£(/). Since P a is bounded on LP(j a ), <l G (L p (j a ))* = LP' (j a ). That is, there is a unique function 
5 G Lf'( 7a ) such that <!(/) = (/, 5 ) Q . Note, then, that $(/) = $(P a /) = (P a f,g) a = (f,P a g) a . 
(The last equality holds if /, g G L 2 (7 a ), and so holds in general by the denseness of L p in L 2 .) But 
then (/, <7) Q = (/, P a g) a for all / G L p . Since 5 G L p ' and so P a (7 G L p ' (by the absurd assumption 
of the proof), it follows that P a g = g, and so g G L p hol {^ a ). 

Thus, the map L p hol (^ a ) — >■ (-£7^(70))* which sends 5 to the linear functional ( • , g) a is surjective 
and continuous. This contradicts Proposition 1.5. □ 

Remark 1.9. Corollary 1.6 shows that there is a close connection between projections in L 2 and the 
duality relations in closed subspaces of LP. We could have proved this result in great generality, 
but it is only relevent for us in this limited context. 

In [5], the authors identify (up to scale) what the actual dual space of L p hol (~f a ) is, by reinterpret- 
ing the action of the Bargmann projection P a . Their results apply to a much more general setting 
than the Gaussian measures j a . If /x is a measure on a connected region C C n , possessing a 
strictly-positive density, and if the group of gauge transformations (holomorphic bijections v of 
with the property that (v ~ 1 )* / u = \4>\ 2 /J, for some holomorphic gauge factor (j>) is sufficiently 
rich, then the orthogonal projection P: L 2 (/i) — > L\ ol {n) should really be thought of as a map 
from L 2 [X\ — > L\ ol \X}. Here % is the reproducing kernel of L\ ol {n), and L P [X\ is a weighted LP- 
space, defined as the set of all functions / such that f(z)/X(z, z) 1 ! 2 is in L p (X(z, z) fi(dz)) (with 
the natural norm). Of course L 2 [%] = L 2 {\x), but for p 7^ 2 they are distinct. Janson, Peetre, and 
Rochberg show that P extends to a bounded map from L p [%] — > L p hol [X] (with norm < 2 n ) for 
such sufficiently nice fi. This leads to the correct identification of the dual space to L^ila)- 

1.3. The Lesbesgue Setting and the Operator Q a . Following the discussion at the end of Section 
1.2, and noting that % a {z, z) 1 / 2 = e^l 2 ! , we should consider the following spaces. 

Definition 1.10. For a > 0, let §> a denote the space 

§ a = {F(z) = f(z)e-^ 2 : / is holomorphic on C n }. (1.13) 

For 1 < p < 00, define § p =§ a n L p (C n , A). 



Consider the multiplier map g a 

(0«/)(*) = e-SI*l 2 /(*), (1-14) 
determined by the density of the measure 7 a / 2 . Thus S a = a Hol(C n ). The norm on § a is given by 
Lebesgue measure. It is easy to see that §a is a closed subspace of L p (C n , A). In particular, there is 
an orthogonal projection Q a 

Q a : L 2 (C n ,X)^§l (1.15) 

Q a is a reinterpretation of P a , as we now explain. We can use the map g a to connect the §> a spaces 
with the L p hol (^ a ) spaces. Indeed, Q a f £ § a iff / is holomorphic. A simple calculation reveals that 
Q a is a dilation from L P (X) to L p (^ a p/2)- 



\d a f\\ P LP{x) = [ f(z)e-^\ 2P \{dz) 
= / \f(zWe~W \{dz) 



;i7r Vnfiip 



J**) lliP (7ap/2)' 

The multiplier function is strictly positive, and so Q a is a bijection. Hence, rescaling the multipli- 
cation map 

I —J g Q , (1.16) 



V2tt 



0a,) 

we have the following. 

Proposition 1.11. Let 1 < p < oo and a > 0. TTie map Q a , P of Equations (1.14) and (1.16) z's an isometric 
isomorphism L p (-f ap / 2 ) — > L p (\). Its restriction Q a , P ■ L p hol (^a P /2) -> S^ is also an isometric isomorphism. 
Hence, the following diagram commutes. 

L P( 7a ) J^lp(A) 



Remark 1.12. One may simply use the map Q in place of aj3 in the diagram, but we find this 
setup more aesthetically pleasing; here, the horizontal arrows are isometric isomorphisms, and the 
vertical arrows are orthogonal projections. 

Thus Qa = a ,pPa5aj> = QaPaQa 1 is the conjugated action of the Bargmann projection, from 
the standard L space L 2 (C n ,A) onto S 2 . From Equation (1.3), this means Q a has the integral 
representation 



QaF(z) = 9a ( [ e a ^ W \Qa l F)(w) la (dw) 

\Jc n 



(1-17) 

= (-Y e -fkP+«M-fH 2 f ( w ) A ( ( | w ) = / Q a {z,w)F{w)X(dw). 

■ |2_ 



Here Q a (z, w) = (f ) n e"f d 2 l - 2 < 2 >™>+M ) is the kernel of Q a . In this form, Q a may (a priori) act on 
LP{\) for any p. To see that it does so boundedly consider the operator \Q a \ whose integral kernel 

is |Q a |: 

\Q a \F(z) = (-Y f | e -fl 2 l 2+Q ^-fH 2 |FH \(dw) 

\7T/ J C n 

= (-Y [ e-^-^ 2 F(w)X(dw) = 2 n .( la/2 *F)(w). (1.18) 

\7T/ J C n 



That is, \Q a \ is convolution with 2 n ^ a j 2 . (Here and in the sequel, we let the symbol 7 a do double 
duty, representing both the measure and its density.) Young's convolution inequality therefore 
provides the following. 

Proposition 1.13. For 1 < p < oo and a > 0, 

\\\Q a \: L p (C n ,X)^L p (C\X)\\ = T. 

Remark 1.14. Proposition 1.13 is actually the main theorem in [3]. Our proof is different from theirs, 
and is quite elementary. 

Proof. By Young's convolution inequality, |||Q a |F|| p = 2 n \\j a / 2 * F\\ p < 2 n ||7 a / 2 ||i||-F||p/ and ^ a is 
a probability density so ||7 a /2||i = 1. To see that the inequality is saturated, take F = 7^ for any 
(3 > 0, which is in L p for any p > 0; since the Gaussian probability measures form a convolution 
semigroup, it follows that \ Q a \{^p) = 2 n ^ a / 2 * 7/3 = 2 n ^ a / 2+ p. A quick calculation using Equation 
(1.6) shows that 

Wp = (y ^ (IJ \-^\ 2 " dz y P = 7r (l/p-l)n p -n/^(l-l/ P )n_ (U9) 

Therefore 

\\\Q«\ie\\p =2 nh«/2+A _ nn ( P \ {1 ~ 1/p)n 



hah ' WipWp " W 2 + £, 

For fixed a > 0, this tends to 2 n as (3 — > 00, concluding the proof. □ 

1.4. Elementary Bounds on the norm of P a . Proposition 1.13 immediately yields an upper-bound 
of 2 n for the norm of Q a , and therefore of P a , as the next proposition shows. We also show that 
the sharp constant (of Theorem 1.1) is an easy lower-bound. 

Proposition 1.15. Let 1 < p < 00 and a > 0. Then the Bargmann projection P a : L p (^ ap / 2 ) — > 
^hoiilap/2) ^ bounded, with norm 

(V/?yi/p') - 11^11^(7^/2)^(7^/2) ^ T - ( L2 °) 
In particular, when p = 1, the norm is equal to 2 n . 
Proof. For any p > 1 and F e L p (X), 



\\Q«n p P 



X(dw) 



Q a (z, w)F(w) X(dw] 



Q a (z,w)\\F(w)\ X(dw) X(dw) = \\\Q a \\F\\\P. 



< 

ic n \Jc n 

Thus, for F / 0, Proposition 1.13 shows that 

IIQa-^llp , IIIQall-^lllp II \Qa\ \F\ \\ p ... ... n 

— n-^ji < mTTm = IMFMi - \W^\\\LP{\)^LP{\) < 2 . 

\\" \\p II Hp II 1-^ I Hp 

From Proposition 1.11, we have P a = Q^QaQa = Qa]>QaSa,p (the last equality following from 
the fact that g a ,p is just a scalar multiple of g Q ). Since the map g ajP is an isometric isomorphism 
from L p (j ap / 2 ) onto L P (X) and its inverse is an isometric isomorphism from S„ onto L p hol {^ ap / 2 ), it 
therefore follows that 

H P "lli> (7^/2)^^(7^/2) = WQ<*\\lv{\)^&1 = \\Qa\\LP(\)^LP(\)- (1-21) 

Therefore P a is bounded on L p (^ ap / 2 ), with norm < 2 n . For the lower bound, again we test the 
norm against functions of the form F = 7^ for (3 > 0; so 

II p 11 \ IIQoTgljp n 99 s 

11^11^(7^/2)^(7^/2) ^ || 7/3 || p • ^ L2 ^ 



Set gp(w) = e~P\ w \ , so that 73 = {l3/n) n gp. Then the ratio on the right-hand-side of Equation 
(1.22) is equal to ||(5a5 f /3||p/||fl , / g||p- This latter ratio is calculated (as a special case) in Equation (2.11) 
in Section 2.3. (To match up with that formula we take A = (3I 2n ; thus A 1 + I 2n = (f P + l)I 2n is a 
real matrix which commutes with J, and thus Q((A' + hnY 1 ) = 0.) Thus 



IIQarf _ 2 n P det(A') = 2 „ p (fg) = / 2^c (] ^ 



H^IIJ Y|det(A' + / 2n )|f |f/3 + l|«f V(l + c)f 

where c = > 0. Elementary calculus shows that, when p > 1, this is maximized uniquely when 
c = ^-j-, and so (taking pth roots) Equations (1.22) and (1.23) yield 

IIP II >( 2 SM P X -(o 1 1 V H241 

ll^lli p (7c« P /2)->iL ; (7 Q p/2) ^ I 1 + J - ^pTTPp^w J ■ u ' 24j 

This proves the proposition for p > 1. Note that 

and so the lower-bound and upper-bound in Equation (1.20) converge to 2 n as p I 1. For a precise 
proof of the L 1 lower-bound, we utilize Equation (1.23) in the case p = l; thus, for any p > 0, 



IIQaff^l 



2 n 



ll^lli " Vl + c, 

where c = Letting /3 — >■ 00, so c — > 00, we see the ratio approaches 2 n , proving the lower- 
bound; thus \\Q a : L X (A) ->• L 1 (A)|| = 2™, and the L 1 -result follows from Equation (1.21). □ 

Remark 1.16. In the preceding proof, we showed that Q a is bounded on L p (C n , X) for any a > 0. 
Through the transformations g QjP : L p {^ ap / 2 ) — >■ L p (\), this shows why the Bargmann projection 
P a indexed by a is bounded on the scaled space L p (^ ap / 2 ), rather than the space L p (^ a ) we may 
have naively expected. As Section 1.5 demonstrates, this is the reason for the unusual scaling 
properties of the dual spaces of L p hol (^ a ). 

Remark 1.17. The proof of the lower bound in Proposition 1.15 above actually shows that, among 
Gaussian test functions of the form g(w) = e~^' w ' , there is a unique maximizer for the norm of 
Q a , which yields the lower bound (when p > 1). As we will explain in Section 2.2, to generalize 
this technique to determine the sharp norm of Q a (which is given by the calculated lower bound in 
general), we need to expand this maximization only to the class of centered Gaussian functions, of 
the form g{x) = e~( x > Ax ) (now thinking of the variable x £ R 2n , with ( • , • ) the real inner product) 
where A is a complex symmetric matrix with positive-definite real part. This may sound simple, 
but it is not: the real and imaginary parts of A need not commute, making the problem extremely 
computationally difficult. The lengthy calculations in Section 2 in the special case n = 1 attest 
to this; in fact, our approach is to first reduce to the n = 1 case, in Section 2.1, as the general 
n-dimensional optimization does not admit a simple solution. 

1.5. Identifying the Dual Space. Since the projection Q a is bounded on L p (C n , A) for each a > 0, 
and has range equal to the space §«, we can use the usual duality relations in L p -spaces to translate 
to duality comparisons in §„. For ease of reading, denote by ||Q a ||p_» p the norm of Q a : L P (X) — > 

Lemma 1.18. Let a > and 1 < p < 00. Let p' denote the conjugate exponent to p. In terms of the pairing 
(F, G)\ = J c „ FG dX, the spaces §a and S« are dual, with 

\\Qa\\p\p\\G\\ $ p> < ||( ■ ,G)a||( S p)* < ||G||gp' (1-25) 

for all G G §a- 



Proof. As in the proof of Corollary 1.6, for G (S&)* denote by $ the linear functional $ = Q* a 
i.e. <I(F) = $(Q Q F) for F G L P (A). Since Q a : L P (X) -»• S Q is bounded, the linear functional 6 is 
continuous on L p (\); that is, l> G (L P (A))*. The L p Riesz Representation Theorem therefore shows 
that there is a unique function G G L p ' (A) such that <& = (■, G)\, and moreover that 

ll(- ,G)x\\( L p(x))* = \\G\\ LP '(x)- (!- 26 ) 

Since Q 2 a = Q a , it follows that $(Q a F) = $(F) for all F G L P (A). Thus, for any such F, 

(F, G)\ = *(F) = HQ a F) = (Q a F, G) x = (F, Q a G) x , (1.27) 

where the last equality holds since Q a is self adjoint on L 2 (\) (and so by a standard density 
argument the self-adjointness extends to the L p -L p pairing). Since Equation (1.27) holds for 
all F G L p (\), it follows that G = Q a G, and hence G G §£. Now, for F G S Q C L P (A), 
6(F) = $(QqF) = $(F); that is, $| §s = $. Thus, $(F) = (F, G) A . 

To summarize, we have shown that the map G 4 ( ■ , G)\ is surjective from S a onto (Sa)*; it 
is also continuous due to Equation (1.26). We must now show that it is injective. Since G G §> a , 
by definition there is a holomorphic g such that G = Q a g. Consider the monomial f(z) = z* for 
j G N n . Since / has polynomial growth, Q a f G Sa (for any p). Hence, we can compute 

(5af, Qa g)x = I zW)e- alzl ' 2 X(dz) = I zW)Udz)=Q n (f,g) a . 

Due to the orthogonality relations of Equation (1.7), the inner product (/, g) a is a scalar multiple 
of the jth Taylor coefficient of /. Since g is holomorphic, these coefficients determine g uniquely, 

and so too G. It follows that the map G >->■(■, G)\ is injective. Thus, Sa and Sa are dual with 
respect to (•, -)a- 

As for Equation (1.25), the first inequality follows since = and 

II$II(Lp(A))* = SUp = SUp —— < WQaWp^p SUp — , 

FeLf(A) P Hp FeLP(A) P Hp FGLP(A) ||Va-^ Hp 

where the inequality is just the statement that ||Q a F|| p < ||Q Q ||p||F|| p . Note, as shown in the first 
paragraph, ||$||(lp(a))* = IK ■ , G)x\\(lp(\))* = H^IIl^a) = ||G|| § £ since G G Sg. Since the range of 
Qa on L P (X) is all of S a , we therefore have 

|$(#")| 

llCHgp' = ||$||(LP(A))* < ||<2a||p->p SUp = ||Qa||p-^p||*||(SS)* = IIQa llpll ( ' > G ) II (Sg)* ■ 

-ff£S„ II lip 

The second estimate in Equation (1.25), that ||( ■ , G)a||(§p)* < ||G|| p /, is a straightforward conse- 
quence of Holder's inequality. □ 

Due to the isometry Q a , P ■ Sa — > L p hol {^ a ), Lemma 1.18 also yields the proof of Theorem 1.2. 

Proof of Theorem 1.2. Dividing through by the L p (^ ap / 2 ) — > L p hol (^ ap / 2 ) norm of P a (following The- 
orem 1.1), the desired Inequalities (1.5) can be written as 

II^M^cw - IK- ,oUk. M - i M LtM (1-28) 

We now prove Inequalities (1.28). From Equation (1.21), ||P Q || p _^ = ||Q a ||p^p- Anyg G L p hol (^ ap i j 2 ) 
can be written uniquely as g = QZ^G for some G G S Q , and since g a ,p' is an isometry Equation 
(1.25) then yields 

H^allp-ipllffLp' , ) = \\Qa\\p\p\\G\\ qP > < ||(- ,G) x \\($p a )* < \\G\\ p > = \\g\\ P > , y (1.29) 



We are left to re-express ||( ■ , G0a||(s£)* i n terms of g. Since g atP : §>a — > L p hol {^ ap i 2 ) is an isometric 
isomorphism, for any F G S« there is a unique / G L p hol (^ ap / 2 ) such that F = g a ,p/- Taking 
G = Qa, P '9 as above, we can write 

(■.G) A (s p). =sup— = sup— - . (1.30) 

From Equations (1.14) and (1.16) defining the isometry g a , p , we have 

\ n /p' 



[ flz^e-" 1 ' 1 ' Mdz) = (ip'/y/p')" (/, s )„. 



/ p l/p p /l/p' Q , N V 



\ 2ir 
Hence Equation (1.30) becomes 



II(-,g)aII ( ss). = (\v 1,p v' 1/P T^ if^ = (^^"iK-^Jall^^)).. (1.3D 

/ l|j I^Li(Tc<p/2) 

Equations (1.29) and (1.31) combine to prove the estimates in Equation (1.28). 

□ 



2. The Norm of P a 

In this section, we prove Theorem 1.1. Since the sharp constant in that theorem is an nth power, 
we begin by showing that it is sufficient to prove the theorem in the case n = 1; this is a version of 
an idea due to Segal. The kernel Q a is a Gaussian function, and so to find the norm of P a (which 
is the same as that of Q a ), we use the deep results of [6] to reduce to a calculation on putative 
Gaussian maximizers. The resulting optimization problem is difficult; the majority of this section 
is devoted to its resolution in the n = 1 case. (Note that n is the complex dimension; the maximizer 
thus corresponds to a 2 x 2 complex symmetric matrix, so the calculation involves a complicated 
function of 6 real variables.) 

2.1. Segal's Lemma. Proposition 2.1 below is a simple variant of what is colloquially known as 
Segal's Lemma, based on a version appearing as Lemma 1.4 in [8] (for the case of positive kernels 
Gi). The proposition actually holds for kernels mapping L p — > L q for 1 < p < q < oo: the following 
proof need only be modified by replacing the application of Tonelli's theorem in Equation (2.3) 
with Minkowski's inequality for integrals. The proof we present is essentially contained in the 
proof of [6, Theorem 3.3]. 

Proposition 2.1. Let n, m > 1 be integers, let 1 < p < oo, and let p' denote the conjugate exponent to p. 
Let Gi : R n x R n -> C and G 2 :K m xR m ^C be complex functions, such that Gi(xi, •) G L p '(!") for 
almost every x\ G W l and G 2 {x2, •) G L p ' (R m )for almost every x 2 G R m . Define 

Tif(x 1 )= G 1 (x 1 ,y 1 )f(y 1 )dy 1 , T 2 f(x 2 )= G 2 (x 2 ,y 2 )f(y 2 )dy 2 . 

Let G = Gi®G 2 : G((x 1 ,x 2 ), (yi,y 2 )) = G 1 {x 1 ,y x )G 2 (x 2 ,y 2 \ l and letT = Tx®T 2 : 

TF(x!,x 2 )= / G((x 1 ,x 2 ),(y 1 ,y 2 ))F(y 1 ,y 2 )dy 1 dy 2 . 
Jr." JR m 

lfTi is bounded on L p (R n ) and T 2 is bounded on L p (R m ), then T is bounded on L p (R n x R m ), and 

\\T\\ P ^ P = ||Ti||p^.p||r 2 ||p^p. 
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Proof. Let F G L p (R n x M m ). For 1 < p < oo, by Tonelli's theorem, for almost every (xi,x 2 ) G 
R n x M m we have 



||G((x 1 ,x 2 ),(-,-))C= / |G 1 (x 1 , 2/1 )G 2 (x 2 ,y 2 )| J3 'dy 1 dy 2 

= / (/ IGiCxi.yijKlGa^a.itejKd^dj/i 

= ( f \G 1 (x 1 ,y 1 )\P' d Vl ) ( [ \G 2 (x 2 ,y 2 )\ p ' dy 2 ) < oo 

by assumption. Similarly in the case p = 1 it is easy to check that G G L°°(M n x M m ). Thus, using 
Holder's inequality, 

/ \Gi(x 1 ,y 1 )G 2 (x 2 ,y 2 )F(y 1 ,y 2 )\ dy 1 dy 2 < ||G((xi, x 2 ), (■, -^Hp'II^IIp < 00 

JR n xR m 

for almost every (xi, x 2 ) £l"x R m . Hence, calculating the LP norm of TF, we can apply Fubini's 
theorem: 



\TF\\ P 
I- 1 ^ lip 



n yTO»™ 



G 1 (x 1 ,y 1 )G 2 (x 2 , y 2 )F(y 1 ,y 2 ) dy x dy 2 



n \.ITBm 



dx\dx 2 

V 



G 2 (x 2 ,y 2 ) ( / G 1 (x 1 ,y 1 )F(y 1 ,y 2 )dy 1 I dy 2 



dx 2 cixi 



G 2 {x 2 ,y 2 )K(xi,y 2 ) dy 2 



dx 2 ) dxi 



where 



K(x 1 ,y 2 ) = [ G 1 (x 1 , yi )F( yi , y2 )dy 1 = (T 1 F(-,y 2 ))(x 1 ). 

JR n 



(2.1) 



(2.2) 



We do not know, a priori, whether the function K(x\, •) is in L p (W n ); but it is nevertheless true 
that 



G 2 (x 2 ,y 2 )K(xi,y 2 )dy 2 



dx 2 = \\T 2 K{x u -)\\l < (||T 2 || p ^ p ) p ||^(xi, 



for each xi G R n (where the right-hand-side is +00 in the case K(xi, •) ^ LP). Combining with 
Equation (2.1) then yields 

\\TF\\p= f \\T 2 K(x l ,-)\\ p dx l < (\\T 2 \\ p ^ p r [ \\K(x l ,-W p dx l 

JR n JR n 

= (\\T 2 \\ P ^ P ) P [ ([ \K(x 1 ,y 2 )\ p dy 2 )dx 1 . (2.3) 



1 \.JUm 



We now apply Tonelli's theorem to the (non-negative) integrand in Equation (2.3), to reverse the 
order of integration: 



\K(xi,y 2 )\ p dy 2 I dx 



n WW" 



m \.IBn 



\K(xi,y 2 )\ p dxi dy 2 . 



(2.4) 



For almost every y 2 G M m , the function F(-, y 2 ) is in L p (R n ). Referring to Equation (2.2), it follows 
that for such y 2 we have 

/ \K( X1 ,y 2 )\ p d X1 = nrxFc-.^nj; < (wm^nn^Wp. 

JR n 
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Thus, Equation (2.4) gives 

[ ([ \K(x 1 ,y 2 )\Pdx 1 )dy 2 <(\\T 1 \\ p ^ p y [ \\F(-, y 2 )\\ p p dy 2 

JR m \JR, n / Jl m 

= (11^11^/ (f \F( yi ,y 2 )\ p d yi )dy 2 

= (11^11^11^115. (2.5) 

Equation (2.5) shows that K G L p (R n x l m ), and so in particular the bound in Equation (2.3) is 
non-trivial. Combining Equations (2.3), (2.4), and (2.5) and taking pth roots shows that 

||rF||p < ||T2||p^.p||Ti||p^.p||F|| p 

proving the upper bound of the proposition. The lower bound is actually the easier direction: 
let fk € L p (M. n ) and g k G L p (M. m ) be L p -normalized functions saturating the L p -norms of the 
operators T\ and T 2 ; that is, ||/fe|| p = \\gk\\p = 1 an d 

lim \\nfkWp = WnW^p, lim \\T 2 g k \\ p = \\T 2 \\ p ^ p . 

k — >co k— >oo 

Let F k = f k ® g k : F k ( yi ,y 2 ) = f k (yi)g k (y 2 ). Then Tonelli's theorem quickly shows that \\F k \\ p = 
ll/fc||pllSfc||p = 1/ an d Fubini's theorem (as above) shows that 

TF k (xi,x 2 )= / G 1 (x 1 ,yi)G 2 (x 2 ,y 2 )f k (y 1 )g k (y 2 )dy 1 dy 2 

JR n xR m 

= ( / Gi(xi,yi)f k (yi)dyi ) I / G 2 (x 2 ,y 2 )g k (y 2 ) dy 2 ) = T\f k (xi) ■ T 2 g k (x 2 ). 

Then Tonelli's theorem (as above) shows that 

ll^fcllp = ||?i/fc||p|| T 2fl'fc||p -> ||2i||p_>p||T 2 ||p_>p as k ->■ oo. 
This shows that \\T\\ p ^ p > \ \ T\ \ \ p ^. p \ \ T 2 \ \ p ^ p , completing the proof. □ 

Remark 2.2. The kernel Q a is, in fact, a tensor power; induction on Proposition 2.1 will therefore 
reduce the calculation of HQdlp^p to the (nth power of the) n = 1 case. First we need to verify that 
Q a satisfies the L p '-bound conditions of Proposition 2.1. This will follow easily from the Gaussian 
character of the kernel, and is the content of Corollary 2.3. Indeed, this Gaussian character gives 
us much more, as the next section attests to. 

Corollary 2.3. Let Q l a denote the operator Q a of Equation (1.17) in the case n = 1. Let 1 < p < oo, and 
a > 0. Then 

\\Qa\\p-tp = {WQaWp^p) • 

Proof. Note, from Equation (1.17), that 



Q a F{x) = / Q a (z,w)F(w)dw 

jR 2n 



where 



Q a (z,w) = ) n exp{-| (\z\ 2 + \w\ 2 - 2(z,w))}- 
Of course the quadratic form is a sum over independent variables, 

n 

\z\ 2 + \ w | 2 — 2(z, w) = (\ z j\ 2 + \ w j\ 2 ~ ^ z j^j) 

3=1 

and so we have 

n 

Q a (z,w) = Y[Q 1 a (z j ,w j ) 

3=1 

where 

Q a (z\,w\) = ~ ex P\ - "^ {\ z i\ +\ w i\ -2ziwi)j. 

li 



Notice also that is the kernel of Q\; so we have 

n 

Qa = <g)Ql 

i=i 

Furthermore, the kernel Q a (in any dimension) satisfies 

\Q a (z,w)\ = (^)\xp{-^(\z\ 2 + \w\ 2 -2M(z,w))} = Q\xp{-^\z-w\ 2 } 

(as computed once before in Equation (1.18)). Of course this means Q a (z, •) e L°° (with norm 
(a/n) n ) and also in LP for any p > 1; using Equation (1.6), 

/ |n.(z,«, ) p'*» = (5)""' / .-*W*,= H""' p 

7 V 7T / J R 2n \7T/ \( 

for all z. Hence, the corollary follows by induction on Proposition 2.1. □ 



2.2. Gaussian Kernels. As previously proved, the projection Q a is a bounded map L p (C n , A) — > 

sLwith 

IIQallp-p = L p (C n , A) SP|| = ||P a : L p (C", 7ap/2 ) -»• L^(C", 7ap/2 )|| < 2". 

(cf. Theorem 1.1 and Proposition 1.11). We will investigate the bound ||Q a ||p-»p (and thus ||P a || p _» p ) 
using a main result of [6]. Before we state the particular theorem from [6] that we will use, we will 
first establish some notation. For a fixed integer k > 1, define the set of matrices A k as 

A k = {A G C kxk : A is symmetric and $t(A) is positive definite}. (2.6) 

In turn we define the set of (centered) Gaussian functions % k as 

g fc = { g ( x ) = e -(*.A0 . ^ G ^fe}. (2.7) 

In the definition above and in what follows, the inner product (-, •) denotes the standard inner 
product on R k extended to C k such that (•, •) is bilinear (and not sesquilinear). We can now state 
the theorem will we use from [6]: 

Theorem 2.4 (Lieb, 1990). Let 1 < p < oo. Suppose T : LP(R k , A) -> L p (R k , X) is a bounded integral 
operator with a Gaussian kernel G(x,y). Specifically, for f e L p (R k , X)nL 1 (R k , A), we can write T{f){x) 
as 

T(f){x)= I f(y)G(x,y)dy, 



Du D 12 
D{ 2 D 22 



is 



where G(x, y) has the form 

G(x, y) = exp{-(x, D u x) - (y, D 22 y) - 2(x, D 12 y)}, 

where Du and D 22 are real symmetric matrices. If the real part of the block matrix 
positive semidefinite, then the norm ||T|| can be computed as 

|a-|| = sup E* 
g eS k \\9\\p 

Theorem 2.4 is a less general version of Theorem 4.1 in [6]. To apply Theorem 2.4 to Q a , we will 
need to view the space L p (C n , A) as L p (M 2n , A). Recall that 

Q a F(z) = (-Y f F(w)e- a ^ 2 ^ a ^ 2 / 2+a ^dw, (2.8) 

\7T/ J C n 

where (-, ■) denotes the sesquilinear inner product which is linear in its first argument. Associate 
z = x\ + ix 2 with the real vector x = [xi,x 2 ] and w = y\ + iy 2 with the real vector y = [yi, y 2 \. Q a 
becomes 

Q a F{x) = (-Y f F(y)e-^ D ^ x '>-^' D ^- 2 ^ D ^dy, (2.9) 

\7T/ J R 2n 

12 



where D u = D 22 = (a/2)I 2n and 



D 



12 



-a/2 



T —iT 

iT T 
l - L n ± n 



One can check that the real part of the 4n-by-4n matrix _^ 'P 12 has exactly two eigenvalues 

|_ ^12 ^22 J 

and a, each of multiplicity 2n. Since a is assumed to be positive, the block matrix is positive 
semidefinite. Thus, we can apply Theorem 2.4 and we have 

Lemma 2.5. For any 1 < p < oo, the operator norm \\Q a \\p^-p of Q a : L' p (R 2n , A) — > §a C L p (M 2n , A) is 

\\Q a g\\ P 



12 



|Qa||p— >p — Slip 



(2.10) 



2.3. A Formula for 



\\Qag\\, 
h\\ P 



Lemma 2.6. Let n be any positive integer, < p < oo, and # e S 2n so that g(x) = e ( x > Ax ) for some 
AeA 2n .LetA' = ^A.Then 



\\Qa9\\p 



i hp 
\9\\p 



2 np < 



det(»(A')) 



det(A' + 7 2n )|f det(/ 2 „ + H((A + J^)" 1 )) ' 



where for any matrix M e c 2nx2n 

Q{M) := J T K(M) J - sft(M) - 9f(M)J - J T 9(M). 

7n Equation (2.12), J z's f/ie 2n x 2n symplectic matrix J := ^ f" 

Using A instead of A above allows us to write the quotient y^p independently of a. 
Proof. Note that g(x) = e~( x 'i A ' x \ Using Equation (1.6) above we have 



(2.11) 



(2.12) 



Wp 



2irV 



, . (2-13) 

jW v / det(K(A')) 

Tocalculate ||Q a <7||p, note that £>i 2 = —^{hn+iJ) and J T = - J; using this together with Equation 
(1.6), one can calculate 



\\Q a g\\l 



t^np 



\y/\det(A' + I 2n )\ p 



e (x,f(l2 n +iJ)(A'+I 2n )- 1 (hn+iJ T )x) 



dx. 



(2.14) 



One can verify that 

»((/2n + *^)(A' + hnrHhn ~ U)) = -tt((A' + hn)' 1 )- (2-15) 

Thus, plugging in Equation (2.15) into Equation (2.14) and again applying Equation (1.6) yields 



\\Q«g\\ p p = 



2«p 



v / |det(A + / 2 „)| 



e -^( x , x ) e ( x ,-^n«A>+i 2n )-i)x) dx 

In 

(— \ n 2 np 
pa J 



VI det(A' + I 2n )\P det(J 2 „ + + hnY 1 )) 

Dividing (2.16) by (2.13) gives the lemma. 

Now we have a new characterization of the norm ||Q a ||p_^ p . 
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(2.16) 

□ 



Lemma 2.7. Let 1 < p < oo. T/ien 



(||Q Q |U P f = 2^ sup 



det(»(A)) 



A6 / 2 „ y |det(A + / 2ri )|Pdet(/ 2n + ^((/ 2 „ + A)- 1 ))' 

Proo/ Note that the mapping A — >■ ^A is a bijection of .A 2n to itself. Thus, combining Lemmas 2.5 
and 2.6 gives the result. □ 

2.4. The Optimization Problem. Lemma 2.7 reduces the determination of the sharp norm of Q a 
to an optimization problem over the space A 2n of 2n x 2n complex symmetric matrices with posi- 
tive definite real part. While more tractable than the general optimization over LP , the domain of 
this function is an open subset of a 2n(2n + 1) (real) dimensional space, and the function is quite 
complicated. The task of identifying all critical points of this function in general is quite difficult. 
Instead, we use Proposition 2.1 to reduce to the case n = 1, where we devote the remainder of this 
paper to an analysis of the optimization. In particular, Corollary 2.3 and Lemma 2.7 show that for 
general n 

iXOM - ' <2 ' 17) 

where 

fi(M) = J T K(M) J - sft(M) - J T 9(M) - 3f(M) J, 
7 2 is the 2x2 identity matrix, and J is the counter-clockwise rotation by 90° 



-1 

1 



J = 

Accordingly, we define the function h p : A 2 — > R by 

detQft(A)) , 218 v 

From Equation (2.17) and the lower bound of Proposition 1.15, and since ||P a || p _>.p = ||Q Q ||p->.p by 
Equation (1.21), it therefore follows that to prove Theorem 1.1, it suffices to show that 

What's more, we already showed (in the proof of Proposition 1.15) that Inequality (2.19) holds for 
matrices of the form A = /3/ 2 ; indeed, whenp > 1, /i p (/?/ 2 ) is maximized at its unique critical point 
P = where h p indeed takes the desired value. This suggests the outline of the remainder of 
this section: we will show that, on the 6-dimensional open set A 2 , the function h p has the unique 
critical point A p = j^ih, an d achieves its maximum there. Note that since Q a is an orthogonal 
projection on L 2 , the norm is already known to be 1 in that case, so in the sequel we consider only 
p / 2 in (1, oo). 

2.5. The Critical Point of h p . The first step in looking for critical points is to write h p in terms of 
coordinates. So for A e A 2 , we write 



a + ie b + if 
b + if d + ig 



(a,d,b,e,gj), (2.20) 



and with this coordinate mapping consider h p as a function on an open subset of (0, oo) 2 x 
(— oo, oo) 4 . The next lemma and the technical lemma that follows are long but straightforward 
calculations in coordinates. We omit the proofs, but the results can be checked by hand or by a 
computer algebra system. 
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Lemma 2.8. The function h p : A 2 



(0, oo) can be written in coordinates as 
h p (a,d,b,e,g,f) = 



(^ + &f~^ T 



d=:d + l 
$ := de + ag - 26 f 
4> := e — g — 2b 



(2.21) 
(2.22) 
(2.23) 
(2.24) 



4> 2 . When 



where 

a := a + 1, 
* := ad-b 2 -eg + f 2 , 
ip-=a-d + 2f, 

It will be useful to have the expression r in Lemma 2.8 written in the following forms form in 
the case that 6 = 0; again, the elementary calculations are omitted. 

Lemma 2.9. Consider the expression r = r(a, d, b, e, g, f), defined as r = 'J 2 + <£ 2 — ip 2 
6 = 0, r(a, d, 0, e, /, g) can be written as 

r(a,d,0,e,g,f) 

= (ad -eg + f 2 - l) 2 + 8ad + 2ad(a + d) + 2a(/ - l) 2 + 

2d(/ + l) 2 + (ag + de) 2 + 2(de 2 + ag 2 ) 
= (eg - f 2 + l) 2 + a 2 d 2 + 2ad(a + d) + 6ad + 2a(/ - l) 2 + 

2ad/ 2 + 2d(f + l) 2 + e 2 (d 2 + 2d) + # 2 (a 2 + 2a). (2.26) 

We are now ready to compute partial derivatives of h p to look for a critical point. First, we will 
consider critical points of a certain type. More specifically, define a set of matrices A' 2 C .A 2 by 

A' 2 = {A£A 2 : $t(A) is diagonal}. (2.27) 

The fact that elements of A' 2 have diagonal real parts will be quite useful in proving the following 
proposition, and it will turn out that proving statements on the set A' 2 will lead to general results 
on yl 2 . As we mentioned in the introduction of this section, we will impose the condition that 

p^2. 

Proposition 2.10. Let 1 < p < oo and p / 2. Suppose A e A' 2 and a critical point of h p . Then 



(2.25) 



A 



p-i 



h, 



dh 

Proof. We first derive a formula for where x is any variable. For an expression uj, we let oj x 
denote the partial derivative of u with respect to x. One can easily calculate 

dhp (ad - 6 2 )[-(^^ + $$ g )(pr + 2(y> 2 + <p 2 ))] 

dx (*2 + $2)§ r 2 

2(ad - b 2 )(^ x + 4>4> x )(^> 2 + $ 2 ) + (fr 2 + <& 2 )(ad - b 2 ) x r 

a + ie if 
if d + ig 
which imply the following six equations 

= ad[-a(pr + 2(%l) 2 + (f) 2 )) + 2%f\ + dr, 

= ad [S(pr + 2(^ 2 + (f> 2 )) - 2if>] + or, 

= -f3( P T + 2(i(j 2 + 4> 2 ))-2(f>, = a(pT + 2(ijj 2 + 4> 2 )) + 2ijj, 

= e(pr + 2(^ 2 + (j?)) + 2<f>, = 7 (pr + 2(^ 2 + (p 2 )) - 20, 

where we define a, 6, (3, a, e, 7 as 

_i a + ie (3 + ia 



+ 



Let A 



G A be a critical point of h p . Then all six partial derivatives are 0, 



(A + h) 



f5 + ia 5 + ?7 
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Since pr + 2(ip 2 + <f> 2 ) > 0, we can solve each equation for the corresponding value of (A + I 2 ) 1 . 

C p := P t + 2{^ 2 + 4> 2 ). 



Define C p as 



Then the six equations above become 



a 



dCn Cn 



a 



-2ip 

Cn 



2tp 

~ ! 



-20 

Cn 



P 



1 



-2(f) 
C p 
2(f) 

Cn 



(2.28) 



Note that 



P 



a + ifi (3 + ia 
P + ia 5-iP 



Thus we can write (A + I 2 ) 1 ■ 
following eight equations: 

1 = da — eP — fa, \ = d5 — fa + gP 
= ea + dp + fp, = dp - ea + fP 
= dp-fP-ga, 



e = -7. 

and thus I 2 = (A + I 2 )(A + 1 2 ) _1 gives us the 



Subtracting the equations in (2.30) yields e(a + a 
then 



(2.29) 
(2.30) 
(2.31) 

= da + eP + fS, = da + fa + gP (2.32) 

0. So either e = 0ora + cr = 0. Ifa + cr = / 



-dp + fP + g6 



< 



aC n 



t 2%)j 
h — 

QiCr) Cg 



2ip 

C n 



a + a = 0, 



a contradiction. Thus, we must have e = 0. Similarly, adding the equations of (2.31) gives g(5 - 
a) = 0. If 6 - a = 0, then 



< 



dC„ 



T 2ip 



-2ip 



Cn 



S-a = 0, 



a contradiction. Thus, we also have 5 = 0. Thus 



A 



a if 
if d 



, {A + hT l = 



a ia 
ia 5 



Using this new information, the eight equations above reduce to 

1 = da — fa, 1 = d5 — fa, 
= da + fS, = da + fa. 

Using (2.28) in (2.34) and clearing the C p in denominator gives 

0=^r + 2(-fi-/M 0=^r + 2(-d + /)^. 
d a 



(2.33) 
(2.34) 



(2.35) 



Subtracting the two above equations (in reverse order of their appearance) of Equation (2.35) 
yields 

'a — (T 



= - 



ad 



fr + 2^- 



(2.36) 



We would like to know that ip = 0, for then Equation (2.36) would show that a = d and / = 0. 
Showing that ip = is involved argument, and thus we shall prove it as a separate lemma. 

Lemma 2.11. Let 1 < p < 00 and p / 2. Suppose A 6 .A' 2 and a critical point ofh p . Then if) = 0. 
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Proof. We will proceed by contradiction, assuming tp 7^ and showing that this implies p = 2. 
So suppose ij> / 0. We can clear the denominators of the two equations in (2.35) and subtract the 
resulting equations to get 

= 2(a - d - (a + d)/)Y>. 
Since we assumed i> ^ 0, we can divide the above equation by Y> and solve for /, yielding 

/ = ^. (2.37, 

a + a 

One can use the above expression of / in the definition of ip in (2.23) to compute 

i> = ^{a + d). (2.38) 
a + a 

We can use (2.37) and (2.38) to rewrite (2.36) as 

(q-d) 2 (q-d) 2 ^ 2 

aa{a + a) (a + d) z 

Since we assume tp ^0,by (2.38) we have a — d / 0. Thus, we can multiply each side of (2.39) by 

ad(a+d) 
(a-d) 2 

= -( a + d)T + 2ad{a + d) 2 . (2.40) 

Now by (2.25) we have 

r = (ad + f 2 - l) 2 + 8ad + 2ad(a + d) + 2a(f - l) 2 + 2d(f + l) 2 . (2.41) 
Using (2.37) in (2.41), one (or a computer algebra system) can show that 

(a-d) 2 \ 2 2ad 



ad ~ 1 + Z^2 +— ^(a + d). (2-42) 

Plugging (2.42) into (2.40), one (or a computer algebra system) can show that 

^2\2 



= -(a + d) (ad-l + ^^J 



Since a + d > 0, we can divide by a + d above, take the square root, clear the denominator, and 
rearrange the equality to get 

ad(a + d) 2 = (a + d) 2 - (a - d) 2 = 4ad. 

Dividing each side by ad (which, note, is not 0) and taking the square root yields 

a + d = 2. (2.43) 

The above equation (2.43) allows us to simplify things more. In fact, we can change (2.37), (2.38), 
(2.40) into 

f = a LZA^ = 2 (a-d),T = 16ad (2.44) 
One can use (2.44) above to give an simple expression for C p : 

C p = 32 + 16(p - 2) ad. (2.45) 
However, we also have the first equation in (2.33) which, combined with (2.28) and (2.44) says 

C p = C p {da - fa) = a + 2^) + 2ftp = 6a 2 + 8ad + 2d 2 + \2d + 4a. (2.46) 
Similiarly, one can rewrite the second equation in (2.33) as 

C p = C p (d5 - fa) = 2a 2 + 8ad + 6d 2 + 12a + 4d. (2.47) 
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We now combine equations (2.45), (2.46), and (2.47) to get 

32 + 16(p - 2)ad = C p = ^C p (aa - fa + dS - fa) 

= - (8a 2 + Wad + 8d 2 + 16a + 16d) = 32. 

Thus, we must have 

16(p - 2)ad = 0. (2.48) 
But a > and d > 0, so the only way the above equation can hold is if p = 2. This contradicts our 
assumption that p ^ 2, proving the lemma. □ 

Thus ip = 0. By (2.36), we know that either a -d = 0or/ = 0. Since = ip = (a - d) + 2f, 

this implies that both a — d = and / = 0. Thus the critical point A - 



We can rewrite 



a 

the equation the first equation in (2.33) as 1 = da. Plugging in (2.28) into 1 = aa and solving for 
a yields a = proving A = ^zjh- It is elementary to verify that the matrix is a critical 

point, proving that is is the unique critical point in .A' 2 . □ 

We can turn this special case into a general theorem. However, we will need an intermediate 
lemma to prove the theorem. 

Lemma 2.12. Let A G A 2 . If U G SO (2) (i.e. U is a real orthogonal matrix with det(J7) = 1), then 
h p (A) = h p (U T AU). 

Proof. Let A £ A 2 and U € SO{2). Since U is real, 50(2) is commutative, and U, J G 50(2), we 
have 

h(U T AU) = detmiFAU)) 

d6t ^» -h p (A), 



\det(A + I 2 )\Pdet(I 2n + n(B)) 
as claimed. □ 

With Lemma 2.12, we can prove that there is only one critical point in >l 2 . 
Theorem 2.13. Let 1 < p < oo and p / 2. The function h p : A 2 — » (0, oo) defined by 

h (A) . = det (^)) (2 4 9 ) 

p{) ' \det(A + I 2 )\Pdet(I 2n + n((I 2 + A)- 1 ))- { ' 

has exactly one critical point, namely A = p-z^h- 

Proof. Let A e A 2 be a critical point of h p (note by Proposition 2.10 at least one critical point 
exists). Since $l(A) is symmetric, there exists a U G 50(2) such that U T AU G A' 2 . Since the 
mapping B — > U BU T is a diffeomorphism of .A 2 to itself and h p (B) = h p (U BU T ) by Lemma 2.12, 
U T AU must also be a critical point of hp. By Lemma 2.10, we must have U T AU = ^zjh, which 
forces A = □ 

Here we note the value of h p at the critical point A = ^fh- It is straightforward to calculate 
that 



We will need to know the behavior of this prospective maximum value in what follows. 

Lemma 2.14. The function j : (1, oo) — > R defined as j(p) = pT/^^r/V takes a minimum value at p = 2 
and j(2) = \. 

Proof. This can be shown using elementary calculus. The details are omitted. □ 
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We will use the above lemma when proving that our critical point gives us a unique maximum 
when p / 2. 

2.6. Proving the Maximum Occurs at the Critical Point. We have a unique critical point -zi-^2 
for our function h p , and next we want to show that this critical point gives us our maximum. Our 
plan is to define a compact set X C A 2 such that h p takes on values strictly less than h p ^^y/2) = 

outside of and on the boundary of X. Thus our first job is going to be finding 



vector v 



\p 1 /p pit/p' t 

appropriate bounds with which we will construct X. 

To find these bounds, we are going to define two common operator norms on matrices. For a 

^ G M 2 , denote the 2-normby \v\ 2 (\v\ 2 = (|t>i| 2 + H 2 ) 1/2 )- For B G M 2x2 , denote 

the operator 2-norm as \B\ 2 (\B\ 2 = max{|i?t;|2 : \v\ 2 = 1}). We will use the fact that 

\U T BU\ 2 = \B\ 2 for any U G 50(2) and any B G M 2x2 . (2.50) 

We also denote the maximum norm as |-B| max (|-B| m ax = maxj = i 5 2;j=i,2 \bij\)- The norms | • (2 and 
I • I max are equivalent. In fact, 

\B\ max < \B\ 2 < 2|5| max for any B G M 2x2 . (2.51) 

Equations (2.50) and (2.51) are well-known facts. See, for example, [4]. 

First, we start with a bound for the operator \Q a \ (whose definition can be found in Equation 
(1.18)) that will prove useful. Since it is as easy to prove in general dimension as in 1 dimension, 
we state it for general n. 

Lemma 2.15. Let A r be a real positive definite 2n-by-2n matrix with eigenvalues Xjforj = 1, 2n. Let 
g r (x) = e ~( x '^ ArX \ Then wehave 



IIIQojgrjjf _ r,np TT / 1 



Proof. Using (1.6), one can calculate 

IIIQalrf _ 2 n P I det(A r 



up 

Jr\\p 



det(A r + / 2 n) p det(I 2 n - (A r + hn)' 1 ) 



2n I " 
2 " g \/ ( A , + 1)^1 



□ 

In the next lemma, we define our first bound Mp 1 ' d . 
Lemma 2.16. Let 1 < p < oo. There exists a positive real number Mp d such that for any A € A 2 if 
MA)U > M a /, then h p (A) < ^-A J - r ^ P . 

Proof. Let A G ^l 2 , and define A r = 31(A). Let Ai and A2 be the eigenvalues of A r . Define g(x) = 
e -{x,%Ax) anc j g r ( x ^ = e -(^,f A r x)^ jv^Qi-g th a t \\g\\ p = ||<7 r || p . Then using Lemma 2.15 we have 

h(A) < ( 1 \\\QM% \ 2 _ 1 1 

n P^) - [ 2 "P \\g r \\ p p J (A x + (A 2 + 1)p-i 

1 = 1 

< ' (max(Ai, A 2 ) + l)*" 1 " (|K(A r )| 2 + 1)p-i ' 

Since p — 1 > 0, we have 

lim 7 — , ,wi = 0, 

x^oo [x + 1)P 1 
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1 1 

pl/p p'l/p' 



2p 



. Thus, if 



□ 



and thus there exists a Mp ,d such that for x > Mp' d we have < 
\$t(A)\ 2 > Mp d , we have 

1 [ 1 1 l 2p 

kp{A) < (I^OImax + 1)^ 1 < [p^>p^\ ' 

as desired. 

For our next bound Mp^ 9 we will just consider matrices in A' 2 . 
Lemma 2.17. Let 1 < p < oo. There exists a positive real number Mp^' 9 such that for any A' 6 A' 2 , if 
mA')\ 2 < Mp d and |9(A')| max > M^ f ' 9 r then h p (A>) < ( p ^ Pp ^ /7 ) 

Proof First we define the bound Mp^' 9 as 

r i i i-2 

M eJ ' 9 ■= — — 

P ' [pl/pj/W 

Let A' e A' 2 with |K(A')| 2 < K' d and I^OUax > Mp' f ' 9 . Note that since is diagonal, we 

have |K(A')U 



2P 



• (2(M p a ' d ) 2 + 2M p a ' d + 3) 1/p . 



(2.52) 



|K(A')| 2 < Mp ,a! and that we can write 
ad{^ 2 + $ 2 ) ad 



hp(A') 



1 + 



^ 2 + ( f ) 2 



First we bound ad ^^f 2 . Repeatedly using Cauchy's inequality (2\xy\ < (x 2 + y 2 )) yields 

ip 2 + <j) 2 < 3a 2 - Qad + 3d 2 + 6/ 2 + 2e 2 + 2g 2 
< 3a 2 + 3d 2 + 6/ 2 + 2e 2 + 2g 2 . 



(2.53) 



Thus, using the above equation, the expression of r as (2.26), and the fact a,d < Mp ,d we have 

+ 4> 2 ad(3a 2 + 3d 2 + 6f 2 + 2e 2 + 2g 2 ) 

ad < 

r r 

3a 3 d 3ad 3 6ad/ 2 2ade 2 2adg 2 
< 1 1 1 1 ^ r 

6ad 6ad 2adf 2 2de 2 2ag 2 
< (M^' d ) 2 + 2M^ d + 3. (2.54) 

Now, using (2.26) one (or a computer algebra system) can show 

^ 2 + $ 2 = (eg - f 2 ) 2 + a 2 d 2 + 2ad{a + d) + 6ad + 2adf 2 + 2a f 2 + 
2(a + d)f 2 + 2(a + d) + e 2 (d 2 + 2d) + <? 2 (a 2 + 2a) + 
(a-d) 2 + l + 2/ 2 + e 2 + 5 2 . (2.55) 

We have four useful inequalities that we can deduce from (2.55) that we will summarize as one 
inequality 

vf 2 + $ 2 >max(l,/ 2 ,e 2 ,/). (2.56) 

Using (2.54) and (2.56) we have 

hp(A') < / ^ 1 ^ g (2{M^ d ) 2 + 2M a / + 3) 



< 



< 



(^2 + $2)| 
1 



(max(/ 2 ,e 2 ,# 2 )) 



F (2(M;> d ) 2 + 2M;- rf + 3) 



j^{2{M^ d ) 2 + 2M p a ' d + 3) 



(m; j ' 9 ) 



1 1 



2p 



proving the lemma. 



□ 
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We have one last bound to define, a lower bound that we will call mp' d . We need a lower bound 
for the real parts of matrices in A 2 since h p does not extend continuously over the set of symmetric 
matrices whose real part is positive semidefinite. The issue is that for a matrix in the closure of 
A 2 , it is possible for the r in the denominator of h p to vanish when either a = or d = 0. In fact, if 
we just consider matrices in the closure of A' 2 , one can check that r vanishes in exactly two cases: 

(1) a = 0,e = 0,/ = -1 

(2) d = 0, 5 = 0,/ = l 

We will have to consider how h p (A') behaves when A' e A' 2 has entries close to one of the two 
cases above. As we will see, these two cases on the boundary will require us to again impose the 
condition that p ^ 2, a condition that was not needed in the previous two lemmas. 

Lemma 2.18. Let 1 < p < oo and p / 2. There exists a positive real number m,p' d such that for any 

a + ie if 
if d + ig 

Proof. Let A' e A' 2 satisfy \K(A% < Mp' d and 1 9 (A') | max < Mp J ' 9 . We will first concern ourselves 
with hp(A') when A' has entries close to the two cases enumerated just before the lemma where r 
vanishes. The two cases are related due to symmetry in h p . In fact, one can check that 



A' = 



€ A' 2 ifmm(a,d) < m a /, \&{A')\ 2 < M a / and |3(A')|max < M^ 1 ' 9 , then 



h. 



a + ie if 
if d + ig 



h. 



d + ig -if 
—if a + ie 



(2.57) 



We will use (2.57) to concentrate on the a = 0, e = 0, f = — 1 case. Define a new function h p 

[0,M 1 



a,d-\2 



-Mp J ' g ,0] -+ [0,oo)by 



h p (a,d,e,g,f) :-- 



d(V 2 + $ 2 ) 1 -P/2 



ad 2 + 2d(a + d)+6d + 2df 2 + 2(7 - l) 2 + g 2 (a + 2) 



(2.58) 



First note that by (2.26) we have 



r > a 2 d 2 + 2ad(a + d) + 6ad + 2adf + 2a(f - l) 2 + g\a 2 + 2a), 

an inequality that is close to equality when e and f + I are close to 0. Using the above one can 
show that hp(A') < h p (a, d, e, g, f). Note that h p is uniformly continuous on its domain. Let e p be 
defined as 

p 



1 1 




i i 


pl/p pll/p' 




pi/p p/i/p' 



(2.59) 



By Lemma 2.14, we have > \ioxp^2. Thus, e p > for p / 2. By the uniform continuity 

of hp, there exists a S p > not dependent on the choice of A' such that 

max(a, |e|,|7 + l|) < S p =^> \h p (a, d, e, g, f) - h p (0, d, 0, g, -1)| < e p 
=>■ hp(A') < h p (a, d, e, g, f) < h p (0, d, 0, g, -1) + e p . 

We want to maximize h p (0, d, 0, g, -1) (and justify our choice of e p ). To that end, 

d d 



(2.60) 



^(0,^,0,5,-1) = 



< 



2((d + 2) 2 + <7 2 )p/ 2 " 2{d + 2)v' 



Maximizing this last expression over [0, oo), we see that the maximum occurs at x = So we 
have 



h p (0,d, 0, 5 ,-l) < 



2 

p-1 



1 



1 
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Thus, using (2.59) we have 

h p (0,d,0,g,-l) + e p < 
Putting (2.60) and (2.61) together we have 

max(a, \e\, \ f + 1|) < 5 P 



1 1 

pi/p p/i/p' 



l2p 



pl/p p/l/p' 



1 1 

pl/p p/l/p' 



2p 



(2.61) 



(2.62) 



2p 



> hp(A') < 

By the symmetry (2.57), the equation (2.62) also gives us 

max(d, \g\, \f - 1|) < 5 P => h p (A') < . (2.63) 

_ P P 

We also need to consider the case that either |e| or \f + 1| are greater than 5 P . Note that by (2.53) 
and (2.26) and since \^(A')\ max < M a / and |3(A')|max < M P J > 9 with max(|e|, \f + 1|) > S p , we 



have 



h p (a,d,e,f,g) < 



ad(<5> 2 + * 2 ) / d{4) 2 + V 2 ) 
< a \ d H 



< a[d + 



T 

<a[d + 



< a[d + 



d^ 2 + il> 2 ) 
2d(f + l) 2 + 2de 2 
3a 2 + 3d 2 + 6/ 2 + 2e 2 + 2 5 2 



252 



M P M 52 + 3(M p a ' a ) 2 + 5(M p e 

^2 



2<5* 

a,d\2 



< a 



(2.64) 



Thus, if we set 



5: 



s l_ 

M^ d 5 2 + 3(M P M ) 2 
then (2.64) proves the implication 

a < dp, max(|e|, |/ + 1|) > S p 
Again, by symmetry (2.57), we also have 

d<5' p , max(|<7|,|/-l|) > 5 P 



1 2p 



5(M p e ' /,9 )2 2 [ p yPp'W_ 
h p (A') < 



1 1 

pi/p p/i/p' 



-|2p 



h p (A') < 



1 1 



2p 



(2.65) 



(2.66) 



pi/p p/i/p' 

Let = mm(5 p , S' p , M p ,d ). Note that since 5 P and <5 p do not depend on our choice of A', m p ' d 
also does not depend on our choice of A'. Then combining (2.62), (2.63), (2.65) and (2.66) we have 



pi/p p/i/p' 



2p 



min(a,d) < m p ' d => h p (A') < 

proving the lemma. □ 

The combination of Lemmas 2.16, 2.17, and 2.18 give 
Proposition 2.19. Let 1 < p < oo and p / 2. There exists positive real numbers m p d , M p d , M p ^ 9 



a + ie if 
if d + ig 



such that for any A' - 

(M) < m a /, then h p (A') < (^^) 



G A' 2 if either \K(A% > Mp d , or \%A')\ > M^ 1 ' 9 , or 

2p 



mm 



We now have all the bounds we need to prove our final theorem. 
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Theorem 2.20. Let 1 < p < oo with p / 2. T/zen the function h p (A) takes a unique maximum value at 



1 1 

pl/p p/l/p' 



Proo/ First we will use the bounds from Proposition 2.19 to create a compact set. Define the set 

X C A 2 as 



X := {A e A 2 : \S(A)\ 2 < 2M^' f ' 9 , the eigenvalues Ai, A 2 
of satisfy < Aj < Mp' d for j = 1, 2}. 



(2.67) 



Note that X is compact. Thus, h p takes a maximum value on X that occurs either at the critical 
point ^zr[h or the boundary of X. We will show that if A e .A 2 — int(DC) (here int(3C) is the interior 

of X), then /ip(A) < M^T^) = 



i 



i 



,i/p „/i/p' 



2p 



1 



1 



pl/p p/l/p' 



2p 



IS 



. This will prove that ^(^4/2) 

indeed the maximum over all of .A 2 , proving the result of the theorem. So let A £ A 2 — int(3C) with 
eigenvalues Ai and A2. Since A £ int(3C), either 

\%(A)\ 2 > 2M*> f > 9 , min(Ai, A 2 ) < m a /, or max(Ai, A 2 ) = |»(A)| 2 > M^ d . (2.68) 

iagonal and let A' = U T AU. By Lemma 2 

Without loss of generality a = Ai, d = A 2 . Also, since 



Choose U G 50(2) such that [/ r 3?(^)C7 is diagonal and let A' = U T AU. By Lemma 2.12 h p (A) 

a + ie if 
if d + ig 

U is real, note that »(A') = C/ T K(A)f/ and = f/ T 9(A)?7. So equations (2.50), (2.51) and 



h p (A'). Write A' as A 1 

U is real, nc 
(2.68) imply 

|9f(A')|nu* > M p e '^, min(a,d) < m a /, or |»(A')| 2 > M p a ' d . 
Thus, by Proposition 2.19 and Lemma 2.12, we must have 



proving that /i p (^-L-/ 2 ) = 



1 



2p 



1 1 

pl/p p/l/p' 



n 2p 



9 l/p b '1/p' 



is the maximum of /i p . 



□ 



Following Section 2.4, this concludes the proof that ||P a ||p_^p = pl/p ^ n/p i ^ in general; i.e. we 
have proved Theorem 1.1. 
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